
Federico LelliFederico Lelli
INAF – Arcetri Astrophysical ObservatoryINAF – Arcetri Astrophysical Observatory

MOND: An Alternative to MOND: An Alternative to 
Particle Dark MatterParticle Dark Matter



  

The Dark Matter Effect at Various Scales
Galaxy Scales (~1-100 kpc)

Andromeda

LRG 3 -757 

Dynamics & Lensing in Ellipticals

Rotation Curves of Spirals



  

The Dark Matter Effect at Various Scales
Galaxy Scales (~1-100 kpc) Groups/Clusters Scales (~1-5 Mpc)

Andromeda Stephan’s Quintet

Abell 1689

Interactions & Mergers in Groups

Dynamics & Lensing in Clusters

LRG 3 -757 

Dynamics & Lensing in Ellipticals

Rotation Curves of Spirals



  

CMB

The Dark Matter Effect at Various Scales
Galaxy Scales (~1-100 kpc) Groups/Clusters Scales (~1-5 Mpc) Cosmological Scales (>100 Mpc)

Rotation Curves of Spirals Interactions & Mergers in Groups

Dynamics & Lensing in ClustersDynamics & Lensing in Ellipticals
Andromeda

LRG 3 -757 

Stephan’s Quintet

Abell 1689 SDSS

Planck

Galaxy Clustering



  

CMB

The Dark Matter Effect at Various Scales
Galaxy Scales (~1-100 kpc) Groups/Clusters Scales (~1-5 Mpc) Cosmological Scales (>100 Mpc)

Interactions & Mergers in Groups

Dynamics & Lensing in ClustersDynamics of Ellipticals

Andromeda Stephan’s Quintet

Abell 1689 SDSS

Planck

Galaxy Clustering

This is not direct evidence for particle dark matter:
Standard Laws of Gravity (Einstein & Newton) +

Standard Model of Particle Physics = Do NOT work

LRG 3 -757 

Rotation Curves of Spirals



  

Many versions of 
Modified Gravity to 
explain DM or DE. 

This talk will not 
cover all this.

I will focus on 
Milgromian Dynamics 

(aka MOND). 
Empirically motivated 
alternative to CDM.
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Talk Outline:
I. General MOND paradigm
→ Theory postulates & general predictions
→ Tests on stationary systems: “isolated” galaxies & clusters

II. Specific MOND theories
→ Tests on non-stationary systems: interacting galaxies & clusters
→ Relativistic theories: cosmology and the CMB
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I. The general MOND paradigm
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MOND = Modified Newtonian Dynamics
or MilgrOmiaN Dynamics

Proposed by Moderhai Milgrom (1983a, b, c; ApJ).

“40 years of MOND” conference
St. Andrews (Scotland), 5-9 June 2023 

Registration deadline: 1st of May
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Citations to the original MOND trilogy (Milgrom 1983a, b, c)

Proposed by Moderhai “Moti” Milgrom (1983a, b, c).
MOND is a general paradigm that includes different 
theories at the non-relativistic & relativistic level. 

~4000 citations in total
Source: NASA/ADS
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Citations to the original MOND trilogy (Milgrom 1983a, b, c)

Proposed by Moderhai “Moti” Milgrom (1983a, b, c).
MOND is a general paradigm that includes different 
theories at the non-relativistic & relativistic level. 

~4000 citations in total
Source: NASA/ADS

M. Milgrom, J. Bekenstein,
R. H. Sanders, S. S. McGaugh

MOND community (50-100 people)
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General MOND postulates (at the non-relativistic level)
1) New constant of Physics: a0 ≃10-10 m/s2

    similar role as c in Relativity and h in Quantum Mechanics
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General MOND postulates (at the non-relativistic level)
1) New constant of Physics: a0 ≃10-10 m/s2

    similar role as c in Relativity and h in Quantum Mechanics

2) For a ≫ a0 → a = gN (correspondence principle as in Quantum Mechanics)
kinetic (observed) acceleration of a particle

   Newtonian gravitational field (from the Poisson’s equation)

a⃗= d2 x⃗
dt2

g⃗N=−∇⃗ ϕN
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a⃗= d2 x⃗
dt2

g⃗N=−∇⃗ ϕN

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



General MOND postulates (at the non-relativistic level)
1) New constant of Physics: a0 ≃10-10 m/s2

    similar role as c in Relativity and h in Quantum Mechanics

2) For a ≫ a0 → a = gN (correspondence principle as in Quantum Mechanics)
kinetic (observed) acceleration of a particle

   Newtonian gravitational field (from the Poisson’s equation)

3) For a ≪ a0 →                    →                               a=√a0 gN
V 2

R
=√ a0GM b

R2

a⃗= d2 x⃗
dt2

g⃗N=−∇⃗ ϕN

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



General MOND postulates (at the non-relativistic level)
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kinetic (observed) acceleration of a particle
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General MOND postulates (at the non-relativistic level)
1) New constant of Physics: a0 ≃10-10 m/s2

    similar role as c in Relativity and h in Quantum Mechanics

2) For a ≫ a0 → a = gN (correspondence principle as in Quantum Mechanics)
kinetic (observed) acceleration of a particle

   Newtonian gravitational field (from the Poisson’s equation)

3) For a ≪ a0 →                    →                               Flat rotation curve at large R! 

    Or impose scale invariance (Milgrom 2009, ApJ):                              V is invariant!

a=√a0 gN
V 2

R
=√ a0GM b

R2

a⃗= d2 x⃗
dt2

g⃗N=−∇⃗ ϕN

( x⃗ , t )→(λ x⃗ ,λ t )
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40 years ago!

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



(1) Vf
4 = a0 G Mb for circular orbits → rotation-supported galaxies
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(1) Vf
4 = a0 G Mb for circular orbits → rotation-supported galaxies

NGC 6946 (Boomsma+2008, A&A)

Stars (optical image) Gas (HI line at 21 cm)
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(1) Vf
4 = a0 G Mb for circular orbits → rotation-supported galaxies

Stars (optical image) Gas (HI line at 21 cm)

Total
DM

Stars
Gas

Vf = <Vrot> at large radii

van Albada+(1985, ApJ)

NGC 6946 (Boomsma+2008, A&A)
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(1) Vf
4 = a0 G Mb for circular orbits → rotation-supported galaxies

Tully-Fisher relation (1977, A&A): LB vs HI linewidth 

McGaugh+(2000, 2005, 2010), Verheijen+2001, Lelli+(2016, 2019, 2022), Di Teodoro (2021, 2022)
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(1) Vf
4 = a0 G Mb for circular orbits → rotation-supported galaxies

Tully-Fisher relation (1977, A&A): LB vs HI linewidth 
Four a-priori independent predictions in one equation:
(i) The relevant quantities are Mb (stars+gas) and Vf → OK

Star-dominated 
spiral galaxies
Mb ≃ M★

Gas-dominated 
dwarf galaxies
Mb ≃ Mgas

McGaugh+(2000, 2005, 2010), Verheijen+2001, Lelli+(2016, 2019, 2022), Di Teodoro (2021, 2022)
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Tully-Fisher relation (1977, A&A): LB vs HI linewidth 
Four a-priori independent predictions in one equation:
(i) The relevant quantities are Mb (stars+gas) and Vf → OK
(ii) Slope should be exactly 4 → OK
(iii) Normalization is a0G → OK with other estimates
(iv) No dependence on other quantities → OK
This is weird in a Newtonian+DM context:
V 2
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GM tot

R2 f b=
M b

M tot
Σb=

M b

π R2

McGaugh+(2000, 2005, 2010), Verheijen+2001, Lelli+(2016, 2019, 2022), Di Teodoro (2021, 2022)
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4 = a0 G Mb for circular orbits → rotation-supported galaxies

Tully-Fisher relation (1977, A&A): LB vs HI linewidth 
Four a-priori independent predictions in one equation:
(i) The relevant quantities are Mb (stars+gas) and Vf → OK
(ii) Slope should be exactly 4 → OK
(iii) Normalization is a0G → OK with other estimates
(iv) No dependence on other quantities → OK
This is weird in a Newtonian+DM context:
V 2

R
=
GM tot

R2 f b=
M b

M tot
Σb=

M b

π R2 V 4=πG2

f b
2 ΣbM b

McGaugh+(2000, 2005, 2010), Verheijen+2001, Lelli+(2016, 2019, 2022), Di Teodoro (2021, 2022)
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(2) σV
4 ≃ a0 G Mb for quasi-isothermal systems → pressure-supported gals
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Dwarf Spheroidals (M★~ 103-108 M⊙)Elliptical Galaxies (M★~ 109-1012 M⊙)
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(2) σV
4 ≃ a0 G Mb for quasi-isothermal systems → pressure-supported gals

Faber-Jackson relation (1976, ApJ) for ellipticals
Three a-priori independent predictions in one equation:

Ellipticals

Dwarf 
Spheroidals
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Faber-Jackson relation (1976, ApJ) for ellipticals
Three a-priori independent predictions in one equation:
(i) Slope should be exactly 4 → OK
(ii) Normalization is a0G → OK with BTFR estimate!
(iii) No dependence on other quantities IF a ≪ a0 → OK

Ellipticals

Dwarf 
Spheroidals

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



(2) σV
4 ≃ a0 G Mb for quasi-isothermal systems → pressure-supported gals

Faber-Jackson relation (1976, ApJ) for ellipticals
Three a-priori independent predictions in one equation:
(i) Slope should be exactly 4 → OK
(ii) Normalization is a0G → OK with BTFR estimate!
(iii) No dependence on other quantities IF a ≪ a0 → OK

Ellipticals
a ≫ a0

Dwarf 
Spheroidals

a ≪ a0

σV is measured at R < Re (containing half luminosity):
For dwarf spheroidals: a ≪ a0 at R<Re → MOND regime
For giant ellipticals: a ≫ a0 at R<Re → Newtonian regime
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(2) σV
4 ≃ a0 G Mb for quasi-isothermal systems → pressure-supported gals

Faber-Jackson relation (1976, ApJ) for ellipticals
Three a-priori independent predictions in one equation:
(i) Slope should be exactly 4 → OK
(ii) Normalization is a0G → OK with BTFR estimate!
(iii) No dependence on other quantities IF a ≪ a0 → OK

σV
2

R
≃GM

R2

σV is measured at R < Re (containing half luminosity):
For dwarf spheroidals: a ≪ a0 at R<Re → MOND regime
For giant ellipticals: a ≫ a0 at R<Re → Newtonian regime

M≃σV
2 Re

Fundamental plane of ellipticals
(Djorgovski & Davis 1987; Dressler 1987)

Ellipticals
a ≫ a0

Dwarf 
Spheroidals

a ≪ a0
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(3) Rotation curves can be predicted from the baryon distribution
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(3) Rotation curves can be predicted from the baryon distribution
We introduce an interpolation function μ(x) with x = a/a0:

aμ(x)=gN

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



(3) Rotation curves can be predicted from the baryon distribution
We introduce an interpolation function μ(x) with x = a/a0:

aμ(x)=gN

lim
x→∞

μ→1

lim
x→0

μ→x

a=gN

a2

a0
=gN a=√a0 gN

Newtonian regime

MOND regime
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(3) Rotation curves can be predicted from the baryon distribution
We introduce an interpolation function μ(x) with x = a/a0:

aμ(x)=gN

lim
x→∞

μ→1

lim
x→0

μ→x

a=gN

a2

a0
=gN a=√a0 gN

Newtonian regime

MOND regime

MOND postulates specify only asymptotic limits of μ. Which function to choose?

Interpolation functions are common in Physics. Examples:
- Lorentz factor γ (via c): Newton’s second law ↔ special relativity
- Planck’s law for the blackbody radiation (via h): Rayleight-Jeans ↔ Wein regimes
- Probability for quantum tunnelling (via h): classical mechanics ↔ quantum theory
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Radial Acceleration Relation (RAR)
● Fully empirical - independent of MOND

(3) Rotation curves can be predicted from the baryon distribution

log(gN) [m s-2]log(gN) [m s-2]

log
(a

) [
m

 s-2
]

a(R)=
V 2(R)
R

∇ 2ΦN (R , z)=4 πGρb (R , z)
gN (R , z=0)=−∇ΦN (R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A
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Radial Acceleration Relation (RAR)
● Fully empirical - independent of MOND
● Asymptotic limits consistent with MOND

(3) Rotation curves can be predicted from the baryon distribution

log(gN) [m s-2]log(gN) [m s-2]

log
(a

) [
m

 s-2
]

a(R)=
V 2(R)
R

∇ 2ΦN (R , z)=4 πGρb (R , z)
gN (R , z=0)=−∇ΦN (R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A

a=√gN a0

a=gN
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Radial Acceleration Relation (RAR)
● Fully empirical - independent of MOND
● Asymptotic limits consistent with MOND
● RAR shape specifies the form of μ(x)

(3) Rotation curves can be predicted from the baryon distribution

a=ν(
gN
a0

)gN
ν=μ−1

log(gN) [m s-2]log(gN) [m s-2]

log
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m

 s-2
]

a(R)=
V 2(R)
R

∇ 2ΦN (R , z)=4 πGρb (R , z)
gN (R , z=0)=−∇ΦN (R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A
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Radial Acceleration Relation (RAR)
● Fully empirical - independent of MOND
● Asymptotic limits consistent with MOND
● RAR shape specifies the form of μ(x)

(3) Rotation curves can be predicted from the baryon distribution

We can now assume ν(gN/a0) and predict 
rotation curves given ρb (within the errors)

a=ν(
gN
a0

)gN
ν=μ−1

log(gN) [m s-2]log(gN) [m s-2]

log
(a

) [
m

 s-2
]

a(R)=
V 2(R)
R

∇ 2ΦN (R , z)=4 πGρb (R , z)
gN (R , z=0)=−∇ΦN (R , z=0)

2700 points from
175 disk galaxies

McGaugh+2016, PRL
Lelli+2017, ApJ
Li, Lelli+2018, A&A

a=√gN a0

a=gN

a= 1
1−e−√gN /a0

gN

aμ( a
a0

)=gN
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(3) Rotation curves can be predicted from the baryon distribution

Li+2018
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Li+2018
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Courtesy of Stacy McGaugh

Observed baryon budget:
~10% galaxies (optical & NIR)
~90% hot ionized gas (X rays)

XLSSC 006
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Courtesy of Stacy McGaugh

Galaxy Clusters: bound systems with ~100-1000 galaxies
Observed baryon budget:
~10% galaxies (optical & NIR)
~90% hot ionized gas (X rays)

∂Pgas

∂r
=ρgas

∂Φ
∂ r

Sphere in Hydrostatic Equilibrium

XLSSC 006

∂Φ
∂r

=
kB
wmp

1
ρgas

∂
∂r (ρgasT gas )

Pgas=
kBT gas

wmp
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Newtonian analysis: Mdyn/Mbar≃ 4-5 MOND analysis: Mdyn/Mbar≃ 2

Sanders (1999, ApJ)

Galaxy Clusters: Long-standing problem for MOND

1:1 1:1
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Newtonian analysis: Mdyn/Mbar~ 4-5 MOND analysis: Mdyn/Mbar≃ 2
Galaxy Clusters: Long-standing problem for MOND

1:1

Proposed Solutions:
● Undetected, missing baryons ?  
  Expected from BBN: Ωbar > Ωgals+Ωclusters 
  Compact clouds of cold gas? (Milgrom 2008)
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Newtonian analysis: Mdyn/Mbar~ 4-5
Galaxy Clusters: Long-standing problem for MOND

CMB fit with sterile neutrinos 
Ων = 0.0205 mν → mν ~ 11 eV
(Angus 2009, MNRAS)

Proposed Solutions:
● Undetected, missing baryons ?  
  Expected from BBN: Ωbar > Ωgals+Ωclusters 
  Compact clouds of cold gas? (Milgrom 2008)

● Sterile neutrinos with mν≃11 eV ?
 Bound in clusters, not in galaxies
 HDM fits the CMB as good as CDM

           (Sanders 2007, MNRAS; Angus+2010, MNRAS)
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Newtonian analysis: Mdyn/Mbar~ 4-5
Galaxy Clusters: Long-standing problem for MOND

Proposed Solutions:
● Undetected, missing baryons ?  
  Expected from BBN: Ωbar > Ωgals+Ωclusters 
  Compact clouds of cold gas? (Milgrom 2008)

● Sterile neutrinos with mν≃11 eV ?
 Bound in clusters, not in galaxies
 HDM fits the CMB as good as CDM

           (Sanders 2007, MNRAS; Angus+2010, MNRAS)

● Extended MOND: a0 ∝ Φ ?
   Deeper theory? But more freedom!
    (Zhao & Famaey 2012, PRD)

CMB fit with sterile neutrinos 
Ων = 0.0205 mν → mν ~ 11 eV
(Angus 2009, MNRAS)
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Courtesy of Stacy McGaugh

Galaxy Clusters on the Radial Acceleration Relation

gN

a
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II. Specific MOND theories
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MOND paradigm
Modified Inertia (→ F = ma)Modified Gravity (→ ∇2Φ = 4πGρ)
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MOND paradigm
Modified Inertia (→ F = ma)Modified Gravity (→ ∇2Φ = 4πGρ)

Non-relativistic theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010)

Relativistic theories:
Stratified Scalar-Tensor theory (Sanders 1997, 2011)

TeVeS: Tensor-Vector-Scalar (Bekenstein 2004)

BIMOND: bimetric theory (Milgrom 2009, 2022)

Non-local metric theories (Deffayet+2011)

AeST: Aether-Scalar-Tensor (Skordis & Zlosnik 2021)
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MOND paradigm
Modified Inertia (→ F = ma)Modified Gravity (→ ∇2Φ = 4πGρ)

Non-relativistic theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010)

Time non-local theories:
a = ν(gN/a0)gN  holds for circular orbits 

(Milgrom 1994, 1999, 2022)

Relativistic theories:
Stratified Scalar-Tensor theory (Sanders 1997, 2011)

TeVeS: Tensor-Vector-Scalar (Bekenstein 2004)

BIMOND: bimetric theory (Milgrom 2009, 2022)

Non-local metric theories (Deffayet+2011)

AeST: Aether-Scalar-Tensor (Skordis & Zlosnik 2021)

Heuristic ideas:
Mach’s principle for inertia ?

a0≃c Λ1/2 → quantum vacuum? 
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MOND paradigm
Modified Inertia (→ F = ma)Modified Gravity (→ ∇2Φ = 4πGρ)

Non-relativistic theories:
AQUAL (Bekenstein & Milgrom 1984)

QUMOND (Milgrom 2010)

Time non-local theories:
a = ν(gN/a0)gN  holds for circular orbits 

(Milgrom 1994, 1999, 2022)

Relativistic theories:
Stratified Scalar-Tensor theory (Sanders 1997, 2011)

TeVeS: Tensor-Vector-Scalar (Bekenstein 2004)

BIMOND: bimetric theory (Milgrom 2009, 2022)

Non-local metric theories (Deffayet+2011)

AeST: Aether-Scalar-Tensor (Skordis & Zlosnik 2021)

Heuristic ideas:
Mach’s principle for inertia ?

a0≃c Λ1/2 → quantum vacuum? 

Hybrid MOND/DM models:
Bipolar DM (Blanchet+2008, 2009, 2015, 2017)

Superfluid DM (Berezhiani & Khoury 2015)

Baryon-interacting DM (Famaey+2018, 2020)
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−
a0

2

8πG
F ( |⃗∇ Φ|2

a0
2 )

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−

|⃗∇ Φ|2

8πG
−ρΦ ) Lagrangian is quadratic in ∇Φ

F(z) → z  for z = |∇Φ|2/a0
2 ≫ 1 

F(z) → z3/2  for z = |∇Φ|2/a0
2≪ 1

AQUAL = Aquadratic Lagrangian (Bekenstein & Milgrom 1984, ApJ)
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δ S
δΦ=0→∇⋅[μ ( |⃗∇ Φ|

a0
) ∇⃗ Φ ]=4 πGρ

μ(x )=
d F (z)
dz

F(z) provides the interpolation function μ=υ-1

Modified Poisson’s Equation

−
a0

2

8πG
F ( |⃗∇ Φ|2

a0
2 )

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−

|⃗∇ Φ|2

8πG
−ρΦ ) Lagrangian is quadratic in ∇Φ

F(z) → z  for z = |∇Φ|2/a0
2 ≫ 1 

F(z) → z3/2  for z = |∇Φ|2/a0
2≪ 1

AQUAL = Aquadratic Lagrangian (Bekenstein & Milgrom 1984, ApJ)

z=x2
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Interacting & Merging Galaxies: The Antennae
Observations
Blue = Gas
Green = Stars

Simulations
Blue = Gas
Red = Stars

Tiret & Combes (2008, ASPC)
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MOND (Angus+2006, MNRAS; Angus+2007, ApJ)

 Red: Observed lensing convergence map
 Black: MOND model with 2eV neutrinos
 Blue: total surface densities (baryons+υ)

OBSERVATIONS (Clowe+2004, ApJ)

 Green: Observed lensing map (total mass)
 Blue/Red/Yellow: X-ray emission (hot gas)

Interacting & Merging Clusters: The Bullet Cluster
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−1
8πG [ 2 ∇⃗ Φ⋅⃗∇ ΦN−a0

2Q (|⃗∇ ΦN|
2

a0
2 ) ]

Single gravitational potential ΦSN=∫dt LN=∫dt d3 x (ρ V 2

2
−

|⃗∇ Φ|2

8πG
−ρΦ )

Two potentials: Φ  and ΦN!

QUMOND = Quasi-Linear MOND (Milgrom 2010, MNRAS)

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



−1
8πG [ 2 ∇⃗ Φ⋅⃗∇ ΦN−a0

2Q (|⃗∇ ΦN|
2

a0
2 ) ]

SN=∫dt LN=∫dt d3 x (ρ V 2

2
−

|⃗∇ Φ|2

8πG
−ρΦ )

Principle of least Action varying Φ, ΦN and x → set of 3 equations
∇2 ΦN=4 πGρ

∇2 Φ=∇⃗⋅[ν (|⃗∇ΦN|/a0 ) ∇⃗ ΦN ]
a⃗=−∇⃗ Φ

Standard, linear Poisson’s equation for ΦN

Non-linear step: get Φ from ΦN

Acceleration/force set by second potential Φ

ν(√x)=dQ(x)
x

Single gravitational potential Φ

Two potentials: Φ  and ΦN!

QUMOND = Quasi-Linear MOND (Milgrom 2010, MNRAS)
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Hydrodynamic Simulations of Galaxy Formation in QUMOND
Monolithic collapse → realistic galaxyGas (face-on view) Stars (face-on view)

Gas (edge-on view) Stars (edge-on view)

Wittenburg+20 Wittenburg+20, Nagesh+21, Roshan+21, Eappen+22, Banik+22, Srikanth+23

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter

Monolithic collapse → Realistic 
galaxy



Relativistic MOND → add degrees of fredoom (new fields) to GR

- Tensor gμν → Einstein’s metric
- Scalar 𝜙 → for the DM effect in the NR limit (Bekenstein & Milgrom 1984, ApJ)

- Vector Aμ → for gravitational lensing (Sanders 1997, ApJ; Bekenstein 2004, PRD)

- Free function(s) → interpolation function(s) (non-fundamental effective theories?)

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



Relativistic MOND → add degrees of fredoom (new fields) to GR

- Tensor gμν → Einstein’s metric
- Scalar 𝜙 → for the DM effect in the NR limit (Bekenstein & Milgrom 1984, ApJ)

- Vector Aμ → for gravitational lensing (Sanders 1997, ApJ; Bekenstein 2004, PRD)

- Free function(s) → interpolation function(s) (non-fundamental effective theories?)

AeST: Aether Scalar-Tensor theory (Skordis & Zlosnik 2019, PRD; 2021, PRL; 2022, PRD)

(1) Grav. Waves: Bμ = e-2𝜙Aμ (timelike) → theories {Bμ, gμν} → cGW = cEM

(2) Cosmology: k-essence term for 𝜙 → ρ𝜙 ∝ a(t)-3  (like dust or CDM)
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AeST theory: Fit to the CMB Power Spectrum

Courtesy of Stacy McGaugh

Skordis & Zlosnik (2021, PRL)
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Courtesy of Stacy McGaugh

AeST theory: Fit to the Matter Power Spectrum at z=0
Skordis & Zlosnik (2021, PRL)
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CMB

Conclusions: Status of MOND at Various Scales
Galaxy Scales (~1-100 kpc) Groups/Clusters Scales (~1-5 Mpc) Cosmological Scales (>100 Mpc)

Interactions & Mergers in Groups

Dynamics & Lensing in Clusters
Andromeda Stephan’s Quintet

Abell 1689 SDSS

Planck

Galaxy Clustering

?

Missing Baryons?
Sterile Neutrinos?

?

Dynamics & Lensing in Ellipticals

Rotation Curves of Spirals

LRG 3 -757 



  

More Slides
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MOND – Cosmology Connection?
Two numerical coincidences (Milgrom 1983a, ApJ; Milgrom 1999, PhLA):

a0≃
H 0⋅c
2π

a0≃
c2 √Λ/3

2π

H0 = Hubble constant → maybe a0(t) ~ H(t) ?

Λ = Cosmological constant → relation to Dark Energy?

IF this numerology has some deeper, fundamental meaning:
either the state of the Universe at large enters in local dynamics, or 
the same parameters enters both Cosmology (Λ) and local dynamics (a0).
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Galaxies lie on the same RAR despite their diversity

tot tot totbul
disk

disk

diskgas
gas gas
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Courtesy of Stacy McGaugh

Centaurus-A Group (Müller+2021)

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter

Galaxy Groups: bound systems with ~10-100 galaxies
σobs → group velocity dispersion
Mb = (M/L)∑i Li → σM

4 ≃ a0 G Mb

→ σobs/σM ≃ 1 (within uncertainties)
56 galaxy groups

(Milgrom 2018, 2019)



No full theory yet, but two general results:
(1) Imposing Newtonian and MOND limits + Galilei Invariance 

Theory is time non-local: 

Accelerations at (x, t) depend on the full orbital history!

(2) For purely circular orbits:                          holds exactly (RAR for disk galaxies) 

     The interpolation function is a derived concept valid for circular orbits!

MOND as Modified Inertia (Milgrom 1994, 1999, 2022)

A⃗ [ x⃗(t ); a0]=−∇⃗ ΦN

a⃗μ( a
a0

)= g⃗N

x⃗ (t )→ x⃗ (t )+ v⃗0 t

A⃗ [ x⃗(t ), a0]≠F ( d
i x⃗
dt i

; i=1 ,2 , ...N )

A is a functional of the full trajectory x(t)
For a ≫ a0, A → a = d2x/dt2 (Newton’s 2nd law)
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Weak Equivalence Principle (WEP):
→ Universality of free fall (center-of-mass motion)

Einstein Equivalence Principle (EEP):
→ WEP + Lorentz invariance (spacetime rotations)
  + Local Position Invariance (LPI) for non-gravitational experiments:
  the results of experiments do not depend on where/when they are done

Strong Equivalence Principle (SEP):
→ EEP + LPI for gravitational experiments too

Broken by MOND:
External Field Effect

(Bekenstein & Milgrom 1984, ApJ)

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



  

● For truly isolated galaxies:
   a = ν0(gN,int/a0)gN,int 

● For galaxies subjected to e = gN,ext/a0:
   a = νe(gN,int/a0; e)gN,int

● RAR should be a family of curves 
depending on the galaxy environment

● We can fit RCs to infer the value of e
 and independently estimate eenv from 
 the galaxy large-scale environment.

Chae, Lelli, Desmond et al. (2020)

External field effect (EFE): implications for the RAR

log(gN) [m s-2]

log
( a

) [
m

 s-2
]
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EFE is weak: individual detections only in extreme cases
NGC 5033

NGC 5055

                        With EFE (e≠0)                                Without EFE (e=0)

Chae+2020, 2021
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Statistical approach: EFE>0 at >4σ and agrees with LSS
From Rotation 

Curve Fits

gext
a0

Chae+2020, 2021
Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



  

Statistical approach: EFE>0 at >4σ and agrees with LSS

Chae+2020, 2021

From Baryon
Large Scale 
Structure

From Rotation 
Curve Fits

gext
a0
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MOND is non-linear → both internal (gN,int) and external (gN,ext) fields 
For non-isolated systems, three possibilities:
(1) gN,ext  ≪ gN,int ≪ a0

→ MOND regime (e.g. nearly isolated galaxies)
(2) gN,int ≪ a0 ≪ gN,ext

→ Newtonian regime (e.g. star clusters in the inner MW)
(3) gN,int  ≪ gN,ext ≪ a0 
→ Newton with Geff ~ G a0/gN,ext (e.g. some satellites of MW)
EFE is a general MOND prediction but details depend on the specific theory

MOND External Field effect (EFE)
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Relativistic Theories: Lovelock-Grigore Theorem 
GR (+Λ) is the only theory that satisfy these assumptions:
1- Geometry is Reimannian
2- The Action depends only on gμυ 

3- It is diffeomorphism invariant
4- It is local
5- It leads to 2nd order field equations

Federico Lelli (INAF – Arcetri Astrophysical Observatory) MOND: An Alternative to Particle Dark Matter



Horava
Gravity

(Sanders 11)

Paths towards a relativistic version of MOND

Retain
Reimann

Abandon 
Reimann

Only the 
metric

Finsler 
Geometry
(Namoumi 15)

Add new 
fields

Retain
Invariance

Break
Invariance

Nonlocal
MOND

(Deffayet+11)

TeVeS
(Bekenstein 04)
BiMOND
(Milgrom 09)

Retain 
Locality

Break 
Locality

F(R)
Theories

NO GO
for MOND

Emergent 
Gravity

(Verlinde 17)
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Intuitive Cartoon: Scale Invariance = Flat Rotation Curves

M R λR

T = orbital time λT

V=2π R
T

V=2π λ R
λT
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